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ABSTRACT 

We construct the most general Ricci-flat metrics in (D + n) dimensions that preserve 
the R 1 '™^ 1 x SO(D) isometry. The equations of motion are governed by the system of a 
GL(n,Hl)/ SO(l,n — 1) scalar coset coupled to D-dimensional gravity. Among the solu- 
tions, we find a large class of smooth Lorentzian wormholes that connect two asymptotic 
flat spacetimes. In addition, we obtain new vacuum tachyonic wave solutions in D > 4 
dimensions, which fit the general definition of pp- waves in that there exists a covariantly 
constant null vector. The momenta of the tachyon waves are larger than their ADM masses. 
The world-volume of the tachyon wave is Mr' 2 , instead of R 1 ' 1 for the usual vacuum pp- 
wave. We show that the tachyon wave solutions admit no Killing spinors, except in D = 4, 
in which case it preserves half of the supersymmetry. We also obtain a general class of p- 
brane wormhole and tachyon wave solutions where the Mr' n part of the spacetime lies in 
the the world-volume of the p-branes. These include examples of M-branes and D3-brane. 
Furthermore, we obtain AdS tachyon waves in D > 4 dimensions. 
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1 Introduction 



Recently, a large class of smooth Lorentzian wormholes were constructed in D > 5 dimen- 
sions [1]. These include the previously-known example in D = 5 [2]. Such a wormhole 
can be viewed as a gravitational string that carries a momentum propagating in one space 
direction. The metric has an isometry of R 1 ' 1 x SO(D) in (D + 2) dimensions, where R 1 ' 1 
denotes the world-volume, comprising the time and the momentum-carrying space. If one 
performs Kaluza-Klein reduction in the R 1,1 directions, the D-dimensional solution is then 
a spherical symmetric wormhole supported by a GL(2,R)/0(1, 1) scalar coset [3]. 

In this paper, we generalise above construction to obtain the most general Ricci-flat 
metrics in (D + n) dimensions that preserve the R 1 '™ -1 x SO(D) isometry. The metric 
ansatz has the form 

ds 2 D+n = r 2 dn 2 D ^ + — + £ g^dzfdz" , (1.1) 

■* fi,u=0 

where / and g^ v depend only on the D-dimensional radial variable r. Note that this 
ansatz encompasses also all the spherical symmetric p-branes and pp- waves. The Kaluza- 
Klein reduction on the z^'s, which include a time direction, was performed in [3]. The D- 
dimensional system consists of the Euclidean-signatured metric and an GL(n, M)/SO(l,n — 
1) scalar coset [3-5]. The task is then reduced to construct spherical symmetric solutions 
in D-dimensions that are supported by the GL(n,M)/SO(l,n — 1) scalar coset. 

The group GL{n, R) is a direct product of the R and SL(n, R) groups, where the R 
factor is the breathing mode that measures the overall scale size of the R 1,n_1 spacetimes. 
It is consistent to truncate out this mode, leaving the SL(n,M)/SO(l,n — 1) coset. In 
sections 2 to 5, we obtain the most general solutions supported by this scalar coset. We 
first present the general formalism in section 2, then proceed with the simplest SL(2, R) case 
in section 3, and SX(3,R) in section 4. The most general solutions for arbitrary 5L(n,R) 
were presented in section 5. 

Among the solutions we obtain, there is a large class of new smooth Lorentzian worm- 
holes. The role that wormholes play in string theory has been studied recently in the 
context of AdS/CFT correspondence. In Lorentzian signature, wormholes that connect two 
asymptotic AdS spacetimes appear unlikely, and disconnected boundaries can only be sep- 
arated by horizons [6]. Thus the recent studies of wormholes in string theory and in the 
context of the AdS/CFT correspondence have so far concentrated on Euclidean-signatured 
spaces [7-11]. By combining the standard brane ansatz and wormhole solutions obtained 
in [1], a large class of Lorentzian brane wormholes were obtained in [12]. These solutions 
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include examples of wormholes that connect AdSx Sphere in one asymptotic region to a 
Minkowski spacetime in the other. In section 7, we obtain analogous brane solutions for 
our new Ricci-flat wormholes. 

We also obtain a new vacuum gravitational wave solutions (|4.15p and (|4.19p for all D > 4 
dimensions. We verify, up to the cubic order, that the polynomial scalar invariants of the 
Riemann tensor vanish identically. We expect that, as in the case of the vacuum pp-wave 
solution, all these invariants vanish identically. The solutions fit the general definition of 
pp-waves in that there exists a covariantly constant null vector. However, the solutions 
have some distinct features. One odd property of our new wave solutions is that the linear 
momenta are greater than their AdM masses. Thus, we call these solutions as vacuum 
tachyon waves. The world-volume of the tachyon wave has three dimensions, instead of the 
two dimensions for the pp-wave. In appendix B, we show that these tachyon wave metrics 
admit no Killing spinors, except for D = 4, in which case, the solution preserves half of the 
supersymmetry. We also construct p-brane solutions with such a tachyon wave propagating 
in the world-volume of the brane in section 7. Furthermore, we obtain AdS tachyon waves 
in all D > 4 dimensions. 

In section 6, we construct the most general solution for the case where the world-volume 
spacetime R 1 '™ -1 is replaced by Euclidean space R n . In section 8, we include the breathing 
mode and hence the scalar coset is GL(n,M.)/SO(l,n — 1). We obtain the most general 
solutions also for this case. We conclude our paper in section 9. In appendix A, we present 
the discussion of the properties of a constant matrix that is crucial for solving the scalar 
equations of motion. 

2 General formalism 

One goal of this paper is to construct the most general Ricci-flat metrics with an R 1 '™ -1 x 
SO(D) isometry in (D + n) dimensions. The Kaluza-Klein reduction on R 1 '™" 1 gives rise 
to a scalar coset of GL(n,M)/SO(l,n — 1) in D-dimensions [3]. In this section, we set up 
the general formalism for the case where the breathing mode, associated with the R factor 
of the GL(n, R) = R x SL(n, R), is (consistently) truncated out. 

We begin by reviewing the SL(n, M)/SO(l, n — 1) scalar coset. It can be parameterised 
by the upper-triangular Borel gauge, which includes all the positive-root generators EJ 
with i < j and (n — 1) Cartan generators H. They satisfy the Borel subalgebra 

[H, EJ] = bjEj , [Ei>,E k e ] = 8{Ei l - b\E k i , (2.1) 
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where bi J are the positive-root vectors. Following the general discussion in [13,14], one can 
parameterise the SL(n,U)/ SO(l,n — 1) coset representative V = V1V2, with 

Vi = e y- s , 

V 2 = H = ---U 2i U23---U u U 13 U 12 , Cfy = e*W. (2.2) 

i<j 

Here the generators H and are represented by n x n matrices. Defining a symmetric 
matrix 

M = V T 7]V, 7] = diag(-l,l,--- 1), (2.3) 
we propose that the metric ansatz for the {D + n)-dimensional spacetime is given by 

ds 2 D+n = ds 2 D + dz T M dz , (2.4) 

where dz = (dt, dz%, ■ ■ ■ dz n -i). If we had chosen rj in (|2.3p to be the identity matrix instead, 
we would have an Euclidean-signatured space for the coordinates t and z^s. For the vacuum 
solution with all the scalars </> and x l j vanishing, the metric in the t and Z{ directions is 
given by ds 2 n = —dt 2 + dz 2 + • • ■dz 2 _ 1 . We shall refer the R 1,n_1 spacetimes of t and Zi 
coordinates as the world-volume of our solutions. It was shown in [3] that the Kaluza-Klein 
reductions on the time and on space directions commute. Thus any permutation of the 
"— 1" and "1" entries in 77 given by (|2.3p is equivalent. 

The Kaluza-Klein reduction on R n (or T n ) with this type of ansatz, corresponding 
to rj being the identity matrix, was considered [13, 14], which is effectively implementing 
successively [15-17] the S 1 reduction. The reduction on M 1 '™ -1 is analogous, and was 
performed in [3]. The D-dimensional effective Lagrangian is given by 

C = y/g(R + Itr^M-^M)) . (2.5) 

Owing to the consistency of the reduction, the Ricci-flatness of the {D + n)-dimensional 
metric f|2.4[) becomes equivalent to solutions to the lower D-dimensional system (|2.5p . 

The Lagrangian (|2.5p is invariant under the global SL(n, M.) symmetry, with the trans- 
formation rule 

M — ► A T A4 A , (2.6) 

where A is any n x n constant matrix satisfying detA = 1. This symmetry has an origin 
as rather simple general coordinate transformations in the (D + n) dimensions. Indeed, the 
metric (j2.4|) is invariant under (|2,6p together with dz — ► Ar l dz. 
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Throughout the paper, we consider solutions that is spherical symmetric for the D- 
dimensional metric ds 2 D . Without loss of generality, We take the metric to have the form 

dv 2 

ds 2 D = — + r 2 d^_ 1 , (2.7) 

where / and all the scalars depend on the radial variable r only. Einstein equations in the 
foliating sphere S D ~ l directions imply that 

(£z^w)_£.„, ,, 8) 

where a prime denotes a derivative with respect to r. Thus we have 



2(£>-2) 



/ = !- r ■ (2- 



The Einstein equation associated with the R rr term implies that 

- (jP ~ l ) f ' + l MM- l 'M') = . (2.10) 
2r J 

The scalar equations of motion are given by 

{M~ x M)'=0, (2.11) 

where a dot denotes a derivative with respect to p, defined by 

dr 

dp= n _i Tf . (2.12) 



r 



v 7 / 



The second-order differential equations (|2.1ip can be easily integrated to give rise to a set 
of first-order equations, given by 

M~ X M=C, (2.13) 

where C is a Lie-algebra valued constant matrix. Substituting this and (|2.9p into (|2,10p , we 
have 

1 = -±tr(C 2 ) = 2(D - 1)(D - 2)a 2 ( D -V . (2.14) 

For the solution to be absent from a naked curvature power-law singularity at r = 0, it is 
necessary to have a 2 ^ D ~ 2 ^ > 0, which implies that X > 0. For the case with X < 0, and 
hence a 2 ( D ~ 2 ^ < 0, a naked curvature power-law singularity at r = is unavoidable. Note 
that the quantity I is invariant under the global symmetry transformation, under which, C 
transforms as 

C^A _1 CA. (2.15) 

It is worth mentioning that the solution for / and equations for M apply to any scalar 
coset M, not just the SL(n,M)/ SO(l,n — 1) case which we consider. In the next three 
sections, we shall obtain the most general solutions for the 5L(2,R), 5L(3,R) and SL(n, R) 
respectively. 
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3 General SL(2,R) solutions 

In this section, we give a detail discussion for the case with n = 2. The Borel subalgebra of 
iSX(2,R) is generated by H and E+, given by 

F = , # + = . (3.1) 

\0 -1 \0 0/ 



The coset can be parameterised by 



i , i 



V = e >e* £ += 62 Xe l \. (3.2) 
\ e"2^ 

It follows that Ai is a symmetric 2x2 matrix, given by 

M = V T r/V = f ~ 6 " Xe</> I , t? = diag(-l, 1) . (3.3) 

Substitute this to (12. 5|) . we have 

£ = v ^( J R-i(^) 2 + ie 2 ^(9x) 2 ). (3.4) 

The equations of motion (|2.1ip for the scalars can be solved by the following general 
ansatz 

M-'M=C=( Cn "A (3.5) 

yc 2 i c 22 1 

where Cjj are constants subject to the traceless condition c 22 = —c\\. The equations of (|3.5p 
can be written explicitly, given by 

</> = en +c 2 ix, X = -c 2 le" 2<^^, , (3.6) 

together with an algebraic constraint 

c 2 ie- 2 ^-c 2 ix 2 -2cnx + ci 2 = 0. (3.7) 

It is easy to verify that this algebraic constraint is consistent with the first-order equations 
(|3.6p . and hence a partial solution to these equations. Substituting (|3,6p . (|3.7p and (|2.9p 
into (|2.10p . we have the following constraint 

1 = -c 2 u - ci 2 c 2 i = 2(D -l)(D- 2)a 2{D ' 2) . (3.8) 

Thus the solution is parameterised by four parameters, namely cn,ci 2 ,c 2 i and one extra 
from solving (|3.6p and ([37 



As we discussed earlier, the system has an SL(2, R) global symmetry which can be used 
to fix three of the four parameters, leaving one To do this explicitly, 

we first note that we can use the Borel subgroup to diagonalise V and hence Ai, at one 
point in spacetime. We choose this point to be at asymptotic infinity r = oo, such that 
the solutions are asymptotic Minkowskian with the standard diagonal metric. This can be 
achieved by making use of the Borel transformation, (f> — > (j) + c\ and x ~> X + c 2> to set 
= and x = a t r = oo, corresponding to M.00 = diag(— 1,1). After imposing this 
boundary condition, it follows from (|3.7|) that we have 



C21 = -C12 • (3.9) 

Thus at asymptotic infinity, we have 



M 




C = - 11 iZ . (3.10) 



We now apply the residual 0(1,1) symmetry, whose group elements can be parameterised 
as 

a=(;;), ( 3.n, 

where c = cosh 5 (and s = sinh5) is the boost parameter. This symmetry leaves Moo = 
diag(— 1, 1) invariant, and transforms C and equivalently C as follows 

C^A _1 CA, C^A T CA. (3.12) 

Thus, we have 

en — > (c 2 + s 2 )cn + 2csci2 , C12 — ► (c 2 + s 2 )ci2 + 2cscn . (3.13) 
Depending on the values of Cj,-, three inequivalent classes arise. 
Class I: en < C12 

In this class, C cannot be diagonalised to a real matrix. For simplification, we can use 
the 0(1, 1) symmetry to set en = instead. It follows that we have the following solution 



* = tan ( V ^fer ™(?) D ' 2 ) ' ^ = ■ (3 - 14) 



x If one takes into account that the metric is Ricci-flat, and hence it remains a solution with any constant 
scaling of the metric, this parameter can be viewed as trivial as well. 
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The corresponding (D + 2)-dimensional metric is then given by 

ds l+2 = 1 _ ( a )2 (D-2) + ^D-l + [~ dt2+ ^ ~ 2X ^ dZl ) ■ (3 - 15) 

For a 2 ^~ 2 ) > 0, this is precisely the Ricci-flat Lorentzian wormhole solution obtained in [1], 
although now with a different radial coordinate. For a 2<yD ~ 2 ^ < 0, the solution has a naked 
curvature power-law singularity at r = 0. 

Class II: en > ci 2 

In this class, we can find a boost parameter 5 to set c\i = 0, so that the matrix C is 
diagonal. We send a 2 ( D ~ 2 ^ — > — a 2<yD ~ 2 ^ since in this case we have T < 0. The solution can 
be straightforwardly obtained, given by 

d4 +2 = r 2 dn 2 D ^ + i - ( ^ 2(g _ 2) - e x ?dt 2 + e~ A ^ 2 , 

' arcsinh(-) D 2 , A = a/2(Z> - 1)(D - 2)a D ~ 2 . (3.16) 



(D-2)a D " 2 Vr 
The solution has a naked curvature power-law singularity at r = 0. 

Class III: en = ci 2 

We shall parameterise C to be 




(3.17) 



This 2x2 matrix is rank 1 with all eigenvalues vanishing; it cannot be diagonalised. The 
condition (|3.8[) implies that a = 0, and hence / = 1. The scalars x an d (f> can be easily 
solved, given by 

^ = l-^f> X = l-e"*, <? = ^- (3.18) 

The corresponding {D + 2)-dimensional metric describes the standard pp-wave, given by 

ds 2 D _ 2 = -dudv + -^jjz^dv 2 + dr 2 + r^fif,^ . (3.19) 

where u = t — Z\ and v = t + z\ are the asymptotic light-cone coordinates. 

Thus we have demonstrated that there are total three classes of solutions of the SL{2, M) 
system. By requiring the absence of naked curvature power-law singularity, the most general 
Ricci-flat metric in (D+2) dimensions with the K 1 ' 1 x SO(D) isometry with fixed M > volume 
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is either a wormhole or a pp-wave. As was observed in [1], the latter can be obtained as a 
singular infinite boost of the former. 

It is worth pointing out that the boosted Schwarzschild black hole is not include in the 
solution space. This is because the volume form for world-volume R ' in this case is not a 
constant. 



4 General SL(3, R) solutions 



The coset SL(3, M)/50(l, 2) representative V in a Borel gauge is given by [3] 

y _ ek&H gX23 E 2 Z gXl3 #13 gXl2 E\2 



V 



o 
o 







X23e V^ 1 



(4.1) 



/ 



where -ff represents the two Cartan generators, and E%j denote the positive-root generators 
of SL(3,M). It follows that we have 



M = V T rjV . 



rj = diag (-1,1,1) . 



(4.2) 



The Z)-dimensional Lagrangian (|2.5p is then given by 

(VsT^ = R-l(d<h.) 2 -l(.d<h) 2 + \e~ 2 ^(d X i 3 -X2 3 d X i2) 2 



. lg— V3<^l-<>-J ; 



! (dX2 3 ) 2 + |e^-^(d X i 2 f . (4.3) 
The scalar equations of motion (|2.1ip can be solved by the following constant matrix 

\ 



m~ 1 m = e = 



(4.4) 



f Cll C12 Ci 3 
C21 C 2 2 C 2 3 
\C31 C32 -C\\-Ozi) 

One can read off five first-order equations for the five scalars 0i, 02, Xi2, Xi3 an d X23- In 
addition, there are three algebraic constraints which are partial solutions to the equations. 
Substituting (|PJ) to ([21D]) . we obtain 



|tr(C 2 ) = -(c n + C22 + C12C21 + C11C22 + C13C31 + C23C32) 



2(D - 1)(D - 2)a : 



2(D-2) 



(4.5) 



Thus we see that the solution is parameterised by a total of 10 constant parameters, eight 
Cjj's and two extra from solving for the first-order equations and algebraic constraints. The 
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system has an 5X(3,R) global symmetry, which can remove eight parameters, leaving the 
solution with two arbitrary parameters. 

To apply the global SL{3, M) symmetry, we first use the Borel transformations to set 
4>i = and Xij = at the asymptotic infinity, r = oo. The spacetimes at r = oo is then 
Minkowskian since we have Moo = V- Apply this boundary condition to the three algebraic 
constraints, we find that 



C21 



-Cl2 



C31 



-C13 



C32 = C 2 3 



(4.6) 



Thus we have 



M 



= C 



(4.7) 



(en C12 C13 \ 

C12 -C22 -C23 
\Cl3 -C23 C11+C22/ 

The upshot of this discussion is that the constant traceless matrix C defined in (|4.4p . after 
applying the Borel subgroup of SL(3, M) global transformations, can be expressed as C = r]C, 
where C a symmetric constant matrix. 

As we shall discuss in detail in appendix for the general SL(n, M), three different classes 
of solutions emerge depending on the value of the matrix C. In this section, we shall just 
present the results. 

Class I: 



The first class corresponds to the case where C has a pair of complex eigenvalues. It is 
isomorphic to 

(a -13 \ 
C= (3 a • (4.8) 
\0 -2a) 

We find that the corresponding (D + 3)-dimensional metric is given by 

dr 2 



ds z 



r2(ln D-l + Y_ (2)200-2) 

e ap [cos(Pp){-dt 2 + dzj) + 2sin(/3 / o) dtdz{[ + e~ 2ap d; 
1 /a\D-2 

— s — t\ — n arcsin — 

(D-2)a D - 2 \r, 



2 - 



with 



(4.9) 
(4.10) 



/5 2 - 3a 2 = 2(D - 1)(D - 2)a 2 ^ . 

For a 2tyD ~ 2 ^ > 0, the solution describes a smooth Lorentzian wormhole. In special case with 
a = 0, it describes a direct product of an SX(2,M) wormhole, discussed in section 3, with 
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a real line. For a 2<yD ~ 2 ^ < 0, the solution has a naked curvature power-law singularity at 
r = 0. When (3 2 = 3a 2 , corresponding to have a = 0, the solution has a naked curvature 
power-law singularity at r = 0, since in this case p ~ l/r D ~ 2 . 

Class II: 

The second class corresponds to that C has three real eigenvalues, with one time-like 
and 2 space-like eigenvectors. The matrix C can be diagonalised by a certain SO(l,2) 
matrix to give C = diag(Ao, Ai, A2) with A2 = — Ao — Ai. In this case, we have X = 
~ h^o ~ 2^1 ~~ 2"(^° + -^i) 2 - ^ follows from f|4.5j) that the reality condition implies that 
/ = 1 + a 2 ( D ~ 2 ^ /r 2 ( D ~ 2 \ Thus we find that the corresponding (D + 3)-dimensional metric 
is given by 

ds 2 = r 2 ^ + i - ( ^ (D _ 2) - e^dz 2 + e^cte 2 + eT^^^f , 

1 . , fa\D-2 

arcsmh 



(D - 2)a D - 2 



where 



A 2 , + A 2 + (A + Ai) 2 = 4(£> - 1)(D - 2)a 2 ( D ~ 2 ) . (4.12) 
This solution has a naked curvature power-law singularity at r = 0. 

Class III: 

In the third class, the matrix C has three real eigenvalues, but with degenerate eigen- 
vectors. There are two inequivalent cases. The first case corresponds to that C is of rank 2 
and all of its eigenvalues vanish. Such a C is isomorphic to 



/ cos — cos (3 I sin ' 



Cz = a 



cos (3 — cos (3 I sin /3 
V-isin/3 I sin/3 / 

We find that the corresponding (D + 3)-dimensional metric is given by 
ds 2 D+3 = r 2 dQ 2 J _ 1 + dr 2 + ds 2 

~2 _ ri 1 „„^/3 1„2 •„ 2 o\ .+2 1 / r „o 1 U„;„2flUj 



(4.13) 



dsg = -(1 +p cos /?- ip 2 sin 2 {3)dt 2 + (1 - p cos + |p 2 sin 2 
+2(pcos (3 — |p 2 sin 2 f3)dtdz\ — psin /? did,Z2 

+psm(3dz 1 dz 2 + dz\ . (4.14) 



11 



with p = — (£> 2)r°~ 2 ' ^ n ^ ne as y m Pt°ti c light-cone coordinates u = t + z\ and v = t — z\ , 
the metric becomes 

ds D+3 = —dudv + aw — ypcosp — ^p sin 8)dv — psh\ 8 dvdw + dr + r dQ D _ l .(4.15) 

Here we rename the Z2 coordinate to be w. This metric has non-vanishing Riemann tensor 
components, and hence it is not flat. We also verify that the Riemann tensor square and 
cubic scalar invariants all vanish identically. We expect that as in the case of the vacuum 
pp-wave solution, all the polynomial scalar invariants of the Riemann tensor for the metric 
(I4.15P vanish identically. 

The new wave solutions fit the general definition of pp-waves in that there exists a 
covariantly constant null vector k = d/d u . However, there are several differences comparing 
this new wave solution to the usual pp-wave. The world- volume for the usual pp-wave 
solution is two dimensional, whilst it has three dimensions spanned by (t, z\,z?) (or (u, v, w)) 
for the new solution. The mass and the momentum are given by 

M = acosP, Pi = a cos/?, P2 = — gasin/3, (4.16) 

Note that the mass and the momentum components are evaluated from the Komar integrals 

for the Killing vectors d/dt and d/dzi respectively. We omitted certain overall inessential 

constant factor in presenting the quantities above. Thus the solution is of tachyonic nature, 

since M 2 — P 2 — P 2 = —\o? sin 2 f3 < 0. We shall call this solution tachyon wave. We can 

make an orthonormal transformation 

2 cos 8 z\ + sin 3z2 2 cos 8 Z2 — sin 8zi 

z\ — > — -j^^^^=^^^^ , Z2 — ► — -j^^^^=^^^^ , (4.17) 

V4cos 2 /3 + sin 2 /3 V4cos 2 8 + sin 2 8 

such that the momentum has only the z\ component. In these coordinates, we have 

M = acos8, P 1 = acos8^l + \ tan 2 8 , P 2 = , (4.18) 

The vacuum pp-wave (|3.19j) has half of Killing spinors. As we show in the appendix B, 
there is no Killing spinor in this tachyon wave solution. This is consistent with the fact that 
the BPS condition for a tachyon is obviously not satisfied. When 8 = 0, we have P2 = 
and M = Pi, the BPS condition is then satisfied and the solution becomes the pp-wave. 
When 8 = ^n, the solution becomes massless, but with non-vanishing linear momentum. 

The tachyon wave metric (|4.15|) is valid also for D = 1 and D = 2, corresponding to 
total 4 and 5 spacetime dimensions. The corresponding p is given by p = alog(r) and 
p = ar respectively. The metrics for these two cases are given by 

ds\ = —dudv + dw 2 — (x a cos 8 — |x 2 a 2 sin 2 8)dv 2 — x a sin 8 dvdw + dx 2 , 
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dsl 



-dudv + dw 2 — (log r a cos (3 — I (log r) 2 a 2 sin 2 j3)dv 2 



log r a sin /? dvdw + dr 2 + r 2 dcj) 2 



(4.19) 



However, in these two cases, there is no well-defined asymptotic region. Note that the four- 
dimensional metric belongs to the type N in the Petrov classification. When (3 = 0, the 
four-dimensional metric is flat. 

We can perform Kaluza-Klein reduction on the w direction for the tachyon wave (14. 15ft . 
We have 



ds 2 



D+2 

A 



dr z 



r 2 dQ 



D-l ! 



—dudv — (pcos + |/0 2 sin 2 0) dv 2 

-±psm(3dv. (4.20) 

Thus, the lower-dimensional solution is a usual pp-wave supported by a Maxwell field. 
The second degenerate case for C is given by 

(a + j3 a \ 

C = -a -a + /3 
\ -2/3/ 



(4.21) 



The solution is given by 



ds 



D+3 



r 2 dn 2 D _ x + 



1 



dr 



a\2(D-2) 



+ e pp \-dudv + qpdv 2 ) + e~ wp dzl , 



, sa\(D-2) 

— — pr— ^arcsinh - 

(D-2)a D - 2 \r, 



\(D- l)(L>-2)a 2(D - 2) .(4.22) 



When /3 = 0, the matrix (|4.2ip reduces to (|3.17p and the metric above becomes the vacuum 
pp-wave. When a = 0, corresponding to q = 0, the solution becomes that of class I. In 
general the solution has a naked curvature power-law singularity at r = 0. 



5 General SL(n, K) solutions 

Having discussed the SL{2, M) and SX(3,M) examples, it is straightforward to generalise 
to obtain the most general spherical symmetric solutions for any SX(n,IR). We can use 
the Borel transformation to to diagonalise A4 at the asymptotic infinity r = oo, namely 
-Moo = V- This implies that the traceless matrix C has the property that r/C is symmetric. 
To be specific, for M. give by (|2.3p . C is given by 



( - Y^Zl in 



Xoi 



-Xoi 



~X0,n-l 
Xl,n-1 



\ X0,n-1 Xl,n-1 



n-1 



(5.1) 
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As we demonstrate in appendix A, three classes of solution emerge depending on the 
values of the C. 



Class I: 



The first class corresponds to a C with a pair of complex eigenvalues. Using the SO (1, 1 - 
n) residual global symmetry, we can simplify C as follows 



C = 



a -P 

13 a 



\ 



y A n -i j 

with tr(C) = 0. We find that the corresponding (D + n)-dimensional Ricci-flat metric can 
be straightforwardly obtained, given by 

dr 2 



(5.2) 



D-l 



+ 



1 _ (!±y(D-2) 

+e ap [cos((3p)(-dt 2 + dz\) + 2sm((3p)dtd Zl } + ^ \^ p dz 2 , 



n-l 



i=2 



n-l 



n-l 



A, + 2a = , 2 p 2 -2a 2 -Y J ^= 4(0 -1)(D- 2)a 2 ^ , 

1 



i=2 



~7~~~ : 7^ ^rCSlIl 

(D-2)a D ~ 2 \r 



D-2 



(5.3) 



For a 2 ( D ~ 2 ) > 0, the solution describes a smooth Lorentzian wormhole. For a 2<yD ~ 2S> < 0, 
the solution has a naked curvature power-law singularity at r = 0. The global structure and 
the traversability of the SL(2,M) Lorentzian wormhole in D = 5 were discussed in detail 
in [1,18,19]. Note that there are no further off-diagonal terms in SL(n,M.) wormholes than 
the one with SL(2,M). We expect that the property of the general wormholes is analogous 
to the <SX(2, R) one. We shall discuss their properties in detail in a future publication. 

Class II: 

The second class corresponds to a C with all real eigenvalues and one of the eigenvectors 
being time-like. In this case, it can be diagonalised by an 50(1, n— 1) transformation. We 
thus have 

C = diag(A , Ai,- ■ ■ , A n _i) , (5.4) 
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with tr(C) = 0. We find that the corresponding {D + n)-dimensional Ricci-flat metric 
solution is 

.2 _ „2^o2 , dr 2 e X p dt 2 + Y^ e X lPdz 2 



ds D+n ~ r dQ. D _ x + - - 2(D _ 2 ) 



n-1 



n-l 



P 



, "£\ 2 = 4(D-l)(D-2)a 

i=0 

1 , /aN^-2 

— r — pr-r-arcsmh - 

(L>-2)a D - 2 \r, 



2{D-2) 



(5.5) 



The solution is asymptotic Minkowskian; it has a naked curvature power-law singularity at 
r = 0. 

Class III: 



In this class, All the eigenvalues of the matrix C are real, but there are no time-like 
eigenvector. As we demonstrate in Appendix A, there are two cases of C. They can be 
constructed from the rank-1 C 2 and rank-2 C3 given in (|3.17p and (|4.13p respectively. 

The first case is given by 



C 2 + A 1 



\ 



(5.6) 



y An-i j 

with tr(C) = 0. We find that the corresponding {D + n)-dimensional Ricci-flat metric is 
given by 

ds 2 D+n = r 2 dn 2 D ^ + r 2(D , 2) + e Xop (-dudv + qpdv 2 ) + ^ e XiP dz? , 

i=2 

1 , /a\(D-2) 

P = - p- 2 )a^ arCSm HrJ 

n— 1 n— 1 

2A + £A i = 0, 2Ag + ^A? =4(D-l)( J D-2)a 2 ^ 2 ). (5.7) 

i=2 i=2 

The solution reduces to the standard pp-wave when all Aj's vanish. In general the solution 
has a naked curvature power-law singularity at r = 0. 
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In the second case, we have 



C = 



C 3 + A 1 



A 3 



A 4 



(5.8) 



y K-i j 

again with tr(C) = 0. We find that the corresponding (D + n)-dimensional Ricci-flat metric 
is given by 

dr 2 



ds 



D+n 



= r 2 dn 2 D _ 1 + 



D-2 



n-l 



+e Xop [-dudv + dz\ - (pcos/3 - \p 2 sin 2 j3)dv 2 - psmf3dvdz 2 ] + ^e Mp dz 2 , 

i=3 

-arc-si nh ^— ^ 



1 . , /a\(»-2) 

(D - 2)a D - 2 



n-l 



n-l 



3A + ^A, = 0, 3A 2 + J^A 2 = 4(D - 1){D - 2)a 2{D - 2 \ (5.9) 

i=3 i=3 

In general the solution also has a naked curvature power-law singularity at r = 0. The 
tachyon wave arises when all Aj's vanish. 

To summarise, in this section, we obtain the complete set of spherical symmetric solu- 
tions for the SL(n, R)/SO(l, n — 1) coset scalar, and we obtain the corresponding (D + n)- 
dimensional Ricci-flat metrics. 



6 Euclidean signature solutions 

In the previous sections, we consider solutions that are asymptotic Minkowskian. The 
solution space becomes much simpler if we choose the Euclidean signature. In this case, the 
matrix C is symmetric and can always be diagonalised by an SO(n) transformation. The 
most general solution is then given by 

ds 2 D+3 = r 2 dn 2 D _ 1 + ——^ + Y,e^dz 2 (6.1) 

l+(,7j »=1 

with 

n n 

J> = 0, ^a- = 4(i?-l)(i?-2)a 2 ^- 2 ), 



i=l i=l 



{D - 2)a 
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7 General p-brane wormholes and waves 



In sections 2-5, we constructed the most general Ricci-flat metrics in (D + n) dimensions 
with the M 1 ' 11 " 1 x SO{D) isometry. There are three different classes of such solutions. Here 
we construct charged solutions to Z)-dimensional Einstein gravity coupled to a (p + 2)-form 
field strength, together with a dilaton. The Lagrangian has the following general form 

where F p+ 2 = dA p+ \. The constant a can be parameterised as [15] 

a2 = A _2( P + l)(Z)-p-3) 
D-2 

The Lagrangian (12. 5p is of the form that typically arises as a truncation of the full Lagrangian 
in many supergravities, with A being given by 

A = l (7.3) 

for integer N. The values of N that can arise depends on the spacetime dimensions; they 
are classified in [16]. 

We start with the Ricci-flat solutions in {D + n) dimensions constructed in the paper, 
and augment the spacetime with flat directions to become D = D + n + m dimensions. The 
Ricci-flat D-dimensional metric has the form 

m 

= dS D + ds n + ^2( dxi ) 2 » ( 7 ' 4 ) 
i=l 

where the first two terms denotes the general SL(n, R) solutions we obtained in the previous 
sections. We now follow [12], and consider an electric p-brane solution where p = m + n — 1. 
We find that the solution is given by 



(p+l)N (D-2)N 



ds 2 b = H D-2 ds 2 D + H D-2 (ds 2 n + ^(d. 

i=l 

o (p+l)(Q-2)JV 

e a ^ = H s=5 , 

r-1 



F p+2 = V Ndzi A • • • A dz n A dx\ A • • • A dx m A dH , (7.5) 

where H is a harmonic function on the metric ds 2 D . Thus for spherical symmetric branes, 
we have 

f=l: H=l + ^§- 2 , 
f= 1- (^) 2(D ~ 2) : = 1 + Q arcsin (-) , 
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/ = 1 + (^) 2(D 2) : H = 1 + Qarcsinh(-) . (7.6) 

Note that we can also consider "magnetic p-brane wormholes," which are equivalent to 
the previously-discussed electric cases, but constructed using the (D — p — 2)-form dual of 
the (p+2)-form field strength F p+2 - In other words, we can introduce the dual field strength 

F p+2 = e a KF p+2 , (7.7) 

where p = D — p — 4, in terms of which the Lagrangian (I7.ip can be rewritten as 



where Fp +2 = dAp + \. The electric solution (|7.5|) of (|7.1|) then be reinterpreted as a magnetic 
solution of (|7.8p . with given by 

Fp +2 = VN(D-2)Qn D _ 1 . (7.9) 

A particularly interesting class of brane solutions are those where the dilaton decouples. 
These include the M-branes and D3-brane. The global structure of such a brane with 
an <SX(2,K) wormhole was discussed in [12]. These solutions connect AdSx Sphere in one 
asymptotic region to a flat Minkowski spacetimes in the other. We expect that this property 
maintains when the general allowed SL(n,M) wormholes are added to the branes. 

Here we present explicitly the M-branes and D3-brane on the background of the tachyon 
wave (|4.15p we constructed in section 4. We find that the M2-brane tachyon wave is given 
by 

ds?i = H~3 ( — dudv + dw 2 — ( ^— ' - S cfo 2 -^-dvdw] 

11 V v r 6 8r 12 1 r 6 / 

+Hz(dr 2 + r 2 dn 2 >), 

F {4) = du A dv A dw A dH~ l , H=l + Q. (7.10) 

The M5-brane tachyon wave is 

7 2 tt--( t r , 2 ,olcos(3 a 2 sin 2 /? 2 asin/3 , . { , 

dsn = ti 3 y — dudv + aw — ( ^ — -g — jew ^ — avcra; + dx dx 



r J or" r J 

+H3(dr 2 + r 2 dtt 2 4 ), 

F w = 3QO (4) , ff = l + ^. (7.11) 

Finally, the D3-brane tachyon wave of the type IIB supergravity is 

, 2 tt-- ( , 7 , 2 i a cos P a 2 sin 2 /? o asin/3 , a 

as 10 = ii 2 ^ — dud?; + dw — ( ^ g-^ — Jew j — avdw + ax ax j 
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F w = 4Q(fi (6) + *fi (B) ), H = l + Q. (7.12) 

In the decoupling limit where the constant 1 in function H can be dropped, the metric 
becomes a direct product of AdS tachyon wave and a sphere. The AdS tachyon wave in 
arbitrary dimensions is given by 

ds 2 n = -rr + y 2 ( — dudv + dw 2 — ( — n f ^, )dv 2 ' dvdw + dx l dx % \ , (7.13) 

yz \ y syA 1 ^ -1 ; y ' 

where % = 1, . . . , (D — 4), and the cosmological constant is scaled to be unit. In other 
words, the metrics satisfy R^ v = —{D — l)g^ u . At asymptotic infinity r = oo, the metric is 
the AdS/? in holospherical coordinates. The solution describes a tachyon wave propagating 
in the AdS^i spacetime. It is easy to verify that the Polynomial scalar invariants of the 
Riemann tensors are all independent on the parameters a and (3. For (3 = 0, it becomes a 
pp-wave in the AdS. For (3 = \ir, the tachyon wave is massless. 

8 Generalise to GL(n, M) 

In the R 1 '™ -1 reduction we considered in section 2, we can also turn on the breathing mode 
that scales the volume of the R 1 '" -1 spacetime. The resulting scalars in D-dimensional 
parameterise a coset of GL(n,M)/0(l,n — 1). The reduction ansatz is given by 

/ 2n I 2(D-2) 

ds 2 D+n = e V (D-2)(D + n-2) ^ + ^ n (D+n-2) ^ dz ? Mdz , (gj) 

The D-dimensional Lagrangian is given by 

C = (R - i(cV) 2 + Itvid^M-^M)) . (8.2) 

We now define 

l 

M = eV2K lp M. (8.3) 

The Lagrangian becomes 

C = ^9 (R + li^M^d^M)) . (8.4) 

It follows that the constant matrix C, define by 

M- X M=C, (8.5) 

has the same property as C except that it is no longer traceless. The classification of the C 
matrix also holds for C. This leads to the following three classes of solutions. 
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Class I: 



This generalises the first class of the SL(n,M) solutions. It is given by 

+e ap [cos(Pp){-dt 2 + dz\) + 2sm(l3p)dtdz l \ + ^ e A ^cte 2 , (8.6) 



> / civ \ 

dsl +n = e-T^(r^ 1+ i ) 



n-l 



i=2 



where 



(D-2)aO-2 aTCS ' m ^) D ^ 2a + |> = A, 



\2 



2(/3 2 - a 2 ) - ^ A 2 - ^ = 4(2? - 1)(D - 2)a 2 ^ . (8.7) 

i=2 

For a 2tyD ~ 2 ^ > 0, the solution describes a smooth Lorentzian wormhole that connects two 
asymptotic flat spacetimes. For a 2 ( D ~~ 2 ) < 0, the solution has a naked curvature power-law 
singularity at r = 0. 

Class II: 

This generalises the second class of the SL(n,M) solutions. The C can be diagonalised, 
and there is no traceless condition on the eigenvalues Aj. We find that the (D + n)- 
dimensional Ricci-flat metric is given by 

ds 2 D+n = e~T& (r 2 ^ 2 ^ + - - ) - e^dt 2 + g e^dzf , 



n—l n— 1 -2 



i=l 

A" 



E A * = A ' E A ' + F^ = 4(I) - 1)(z? - 2)a2(D " 2) ' 

i=0 i=0 

In general, the solution has a naked singularity at r = 0. However, when Aj = for all 
i except Ao, we have Ao = A = 2(D — 2)a D ~ 2 . The prefactor of dQ 2 D _ l becomes a finite 
and non-vanishing constant at r = 0. The solution is the Schwarzschild black hole with the 
horizon located at r = 0. 

Class III: 

This generalises the third class of the SL(n,M) solutions. The (D + n)-dimensional 
Ricci-flat metrics are given by 

ds 2 D+n = e~£* (r 2 ^ 2 ^ + d a r ' 2) ) - e^ds 2 p + g e^dz 2 , 
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n-1 



n-1 



A 2 



PA + ^ X; 



A , pA 2 + A 2 + 



D-2 



4(D - 1)(D - 2)a 2{D ~ 2) , 




£>-2 



P = ~ 



(8.9) 



where p = 2, 3 and the <is 2 '; 



s are given by 



ds\ 
ds\ 



—dudv + apdv 2 , 

—dudv + dw 2 — (a cos (3 p — \a 2 sin 2 (3 p 2 )dv 2 — a sin (3 p dvdw . (8.10) 



In general the solution has a naked curvature power-law singularity at r = 0. When all the 
Aj vanish, the solution reduces to either the pp-wave for p = 2 and the tachyon wave for 
p = 3. 

9 Conclusions 

In this paper, we construct the most general Ricci-flat metrics in (D + n) dimensions with 
the R 1 '™ -1 x SO(D) isometry. We find there are three classes of solutions. The first class 
describes the smooth Lorentzian wormholes that connect two asymptotic-flat spacetimes, 
as well as its analytic extension which has a naked curvature power-law singularity in the 
middle. All the wormhole metrics have one off-diagonal component in the R 1 '™ -1 directions 
so that the solutions have both mass and a linear momentum, which propagates in one 
space direction. In the second class, the metric in the R 1,n_1 direction is diagonal, and 
hence the solution has only the mass, with no linear momentum. The solution is asymptotic 
Minkowskian, but with a naked curvature power-law singularity in the middle. The third 
class describes a tachyon wave whose linear momentum is larger than its mass. The solution 
fits the general definition of a pp-wave in that there exists a covariantly constant null vector. 
However, the tachyon wave has its own distinct features. The world-volume for the tachyon 
wave is R 1 ' 2 instead of R 1,1 for the usual pp-waves. We verify, up to the cubic order, that 
the Polynomial scalar invariants of the Riemann tensor vanish identically. We expect that 
they all vanish identically, as in the case of the pp-waves. We also show in the appendix B 
that the tachyon waves admit no Killing spinor except in D = 4, in which case, it preserves 
half of the super symmetry. 

We also obtain p-brane solutions where the R 1 '" -1 part of the spacetime lies in the world- 
volume of the p-branes. Particularly interesting examples include M-branes and D3-brane, 
for which AdS can arise in certain decoupling limits. For the first class, solutions become 
AdS wormholes that connect AdS x Sphere in one asymptotic region to a flat spacetime in the 
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other. The global structure and traversability of the SL(2, R) wormholes were discussed 
in detail in [1, 12]. (See also [18, 19].) We shall discuss these properties of the general 
GL(n,M) wormholes in a future publication. For the third class we obtain p-brane solutions 
with a tachyon wave propagating in the world-volume. In the decoupling limit of the 
corresponding M-branes and D3-brane, the metric becomes a direct product of a sphere 
and an AdS tachyon wave. We present the AdS tachyon wave for all dimensions D > 4. 
These solutions and the AdS wormholes provide interesting backgrounds for the AdS/CFT 
correspondence. 
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A Properties of the matrix C 

In this appendix, we study the properties of the SL(n,M) Lie-algebra valued integration 
constant matrix C, defined by 

M~ X M = C. (A.l) 

(See section 2 for detail.) We require all the elements of C to be real. Under the SL(n, R) 
transformation 

dz -► k~ l dz, M -► A T MA , (A.2) 

C transforms as 

C^k~ l Ck. (A.3) 
We use the Borel transformation to fix the boundary condition for M so that 

Moo = 7/ = diag(-l,l,...,l). (A.4) 

It follows that with this boundary condition r]C must be symmetric. The general C is given 
by dSIl). 
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There is a residual SO(l,n — 1) symmetry of SL(n,M) that preserves asymptotic M 
We can use the SO(n — 1) subgroup to simplify C so that we have 



-OiO 


-Pi 


-02 ■■ 


• -Pn-1 


Pi 




• • 





fa 





«2 






yPn-i • • • a n -\ J 

Here o.q = Y^l=i a i so that the matrix is traceless. Note that C can have real or complex 
eigenvalues. Since C is real, complex eigenvalues should arise in pairs. The eigenvectors, 
satisfying 

C u v v^ v = \( a K ia)u , C u v v* {a)v = A* (a V (o)u , (A.6) 

form a linear space. The inner product of the eigenvectors is defined by contracting indices 
with the Minkowski metric given in Eq, (|A,4h . It follows that any real eigenvector v, as- 
sociated with a real eigenvalue, can be time-like, space-like or null, depending on whether 
v 2 = v u v u = —1, 1 or 0. 

We now present a set of properties of C, which will be useful for its classification. 

p.l Using rj to raise or lower indices, we have C u v = C v u . It follows that for any eigenvector 
defined in Eq. (|A.6p . we have 

v^C u v = C v u v^ = C vu v^ u = A<°)«W . (A.7) 

p. 2 Eigenvectors of different eigenvalues are orthogonal to each other. 
Proof: By using p.l, we have 

v^v {a)u = if A (a) + \ {b) . (A.8) 

As a result, the eigenvector of any real eigenvalue is orthogonal to both the real and 
imaginary part of the eigenvector of any complex eigenvalue. 

p. 3 All the time-like and linearly-independent null vectors have non-vanishing inner product 
with each other. 

Proof: 
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• For any two time-like vectors, one can always choose a normal orthogonal basis 
such that they are in the form 

v<^ = a{l,0, ■■■ ,0}; v< 2) = 6{cosh<5,sinh5,0, ••• , 0} . (A.9) 

• For any two linearly independent null vectors, we can always choose a normal 
orthogonal basis so that they are in the form 

v {1) = o{l,l,0,--- ,0}; = 6{l,cos<5,sin<5,0, ••• ,0} . (A.10) 

• For a time like vector and a null vector, we can always choose a normal orthog- 
onal basis such that they are in the form 

^ =o(l,0,0...); ^ (2) = 6(1,1,0,...) • (A.11) 

It is clear that v^ 1 ^ and have a non-vanishing inner product in all three cases 
above. 

p. 4 The matrix C can have at most one pair of complex eigenvalues. 

Proof : Suppose there exist two pairs of different complex eigenvalues X^\X^* and 
\( 2 ),\( 2 )* } and the corresponding eigenvectors x±iy and u ± iv . Because o/p.2 , 
one has 

x 2 + f = u 2 + v 2 ; (A.12) 
x-u = x- v = y- u = y- v = . (A. 13) 

Eq. II A. 10) implies that one in x, y and one in u, v must be either time-like or null. 
However, this is in contradiction with p. 3 and Eq. fA.lty . So there can be at most 
one pair of complex eigenvalues. 

p. 5 Any null subspace can only have one null direction. 

Proof: Suppose there are two linearly-independent null vector t/W and . Without 
loss of generality, we can choose 

^ =o(l,l,0,0...); tf^ =6(1, cos 0, sin 0,0...) , ( A - 14 ) 

then + is timelike thus the space is timelike. Therefore, null subspace can has 
only one null direction. 
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We can now use these properties to classify the matrix C. 



Class I: 



In this class, C has one and only pair of complex eigenvalues, as is allowed by p. 4. In 
this case, we should not diagonalise the C since we require that C to be a real matrix. 

From the proof of p. 4, we see that the existence of a pair of eigenvalues means the 
existence of a time-like or null vector. Then from p. 2 and p. 3, the remaining real eigenvalues 
of C must all have space-like eigenvectors. These space-like eigenvectors can be used to 
partially diagonalise C . So if the pair of complex eigenvalues is p-fold degenerate, we have 



C 



N 2pX 2p 



\ 



\2p 



A n -i 



with 





^ -a 


-01 


-02 - 


• -frp-i 




Pi 




•• 





N 2pX 2p — 







OL2 







yfop-l 





•• 


&2p-l J 



As we shall see presently, all are non- vanishing, and 

ai^aj, if j for i, j = 1, • • • , 2p - 1 . 

Since N2 P x2p has a pair of p- fold degenerate complex eigenvalues, 

Det(N 2px2p - \I 2 px2p) = (a + ib- X) p (a -ib-X) p . 

hJ = V" ,2p- 1 ; 



a = Tr(N 2px2p )/(2p) . 



(A.15) 



(A.16) 



(A.17) 



(A.18) 



It is easy to see that the constants fa cannot be all real for p > 2 . However for p = 1 , we 
have 

a = ai ~ "° , (3i = - a) 2 + 6 2 • (A.19) 
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So A r 2 P x2p exists only for p = 1 . In this case, we can use 0(1, 1) symmetry to set ao = «i- 
Thus the C in this case can all be simplified by the 50(1, n — 1) symmetry to be 



a —f5 
(3 a 



\ 



An- 



(A.20) 



Class II: 

All the eigenvalues are real and C has one time-like eigenvector X( ). In fact, as we 
can see from p. 3, there can be no more than one time-like eigenvector in constructing an 
orthogonal basis. We build a normal orthogonal basis based on X( ) 



x ( M ) x Hp = r ?(M)H- 
Making an 50(1, n — 1) transformation as 



then C can be reduced to 



C 



\ p — t p 



A 

C(n-l)x(n-l) 



(A.21) 



(A.22) 



(A.23) 



The Euclidean subspace associated with 0( n _i) x („_i) can be diagonalised by a further 
SO(n — 1) transformation. This is consistent with that there could be no more time-like 
eigenvectors orthogonal to X( ) • Thus in this class, C can be diagonalised by an SO(l, n — 1) 
transformation, give by 

C = diag(A ,Ai,...,A„_i). (A.24) 



Class III: 

In this class, all the eigenvalues are real, but there is no time-like eigenvector. It follows 
that all the eigenvectors must be space-like or null. We see from p.l and p. 2 that all null 
eigenvectors must share the same eigenvalue and thus they belong to the same eigenspace. 
In addition, with p. 5, we conclude further that there is actually only one null eigenvector. 
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If there is a space-like eigenvector i?( n _i), we can build a normal orthogonal basis 
based on X(„_i) and construct the corresponding 50(1, n — 1) transformation A as in class 
II, which transforms C to 

C(n-l)x(n-l) 

\ J 

This procedure can be repeated until there is no more space-like eigenvector in the remaining 
off-diagonal subspace. This leads to 



C 



(A.25) 



pxp 



\ 



\ A n _i j 

where N pxp is a degenerate matrix with only one p-fold eigenvalue A but only one eigenvec- 
tor, which is null. Obviously, we must have p > 1; otherwise, the system would be reduced 
class II. 

By SO(p — 1) transformations, we can take 



(A.26) 



pxp 



-a -fa -j3 2 
Pi cti 
Pi a 2 



-Pp-i 





(A.27) 



^Pp-i • • • y 
As we see presently, all the constants are non-vanishing, and 



Qj / a,- 



if 



for 



i,j = V ■ ■ ,P~ 1 ■ 



(A.28) 



Furthermore, Since A^ xp has a p-fold degenerate eigenvalue, it follows that 

Det(7Vp Xp - Mp Xp ) = (A - X) p 
=> Pi = - 



(cti - A ) p 



*, j = i, ■ ■ ■ ,p- 1 ; 



A = - Tr(AT pxp ) . 



(A.29) 



It can be easily seen that the Pi cannot be all real for p > 4 . So N pxp exists only for p = 2 
and p = 3. Indeed, both cases have one null eigenvector. 
Let us first look at the case with p = 2. We have 



Ar 



Ql — «Q 



Pi = \oti - A | 
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|«o + ail 



(A.30) 



For n = 2, the traceless condition implies that 



C 2 = a 



1 -1 



(A.31) 



For n > 3, we have 



C 



C 2 + A 1 



A 2 



V 

Now let us consider p = 3. We have 



A n -i 



(A.32) 



x 1/ x o (ai-Xo) 3 
A = o(ai + q 2 - a ) , Pi = \ , 



Otl — OL2 



02 



' (a2-Ao) 3 

«2 — «1 



(A.33) 



For n = 3, the traceless condition implies that Ao = 0. We can parameterise a\ = a sin 2 
and «2 = -a cos 2 Thus we have 



C 3 = Q 



/ cos/3 -sin 3 i/3 - cos 3 ^/?\ 
sin 3 i/3 sin 2 







\cos 3 i/3 -cos^ ±0 ) 



2 1 



(A.34) 



The C3 given in sections 4 and 5 is related to this by an SO (2) transformation. For n > 4, 
we thus have 



C3 + A0I 



A, 



(A.35) 



y A n -i J 

Note that the matrices C p have rank p — 1 for p = 2, 3. In both cases, all eigenvalues are 
zero, with just one eigenvector, which is null. Also the proportion factor a in C 2 and C3 can 
be set to 1 by a further boost. We keep it since it is related to the momentum charge for 
the corresponding waves. 

Finally it is worth pointing out that the above classification also applies for the GL(n, M) 
system, in which case, the traceless condition for C is relaxed. 
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B Killing spinor analysis for the tachyon wave 

The tachyon wave solution in D > 4 dimensions we obtained in section 4 can be rewritten 
as 

D-3 

ds 2 D = —dudv + dw 2 — (apcos [3 — \oi 2 p 2 sin 2 0) dv 2 — opsin [3 dvdw + dx l dx % , (B.l) 

i=i 

where p is given by 

p = r 5 ~ D , for D > 6 , 
p = log r , for D = 5 , 

p = r, for D = A, (B.2) 

with r = Vx i x i is the radial coordinate of the transverse space dx l dx % . We choose the 
following vielbein basis 



e + = \dv , e = du + (ap cos (3 + \o? p 2 sin /3)dv , 
i 

2 

then we have 



e w = dw - \apsva.f3dv , e l = dx % , (B.3) 



ds 2 = -2e+e~ + (e^) 2 + eV . (B.4) 

Note that we use hat to denote tangent indices. The non- vanishing spin connections are 
given by 

x i 



= -\{D-h)asm^-^dx\ 

X ' 

lu^ = —(D — 5)a £) t _ 3 (cos (5dv + | sin (3dw) , 



X ' 

u lw = -l(D-5)asmp-^dv. (B.5) 

Note that for D = 5, we will take (D — 5)a = a to be non-vanishing. Substituting these 
into the Killing spinor equation 

5^ M = D M e = (8 M + \ui B T AB ) e = , (B.6) 

we have 



(di- ±(Z)-5)asin/3^r-r+)e = 0, (B.7) 
(X - I(L>-5)a-^3[cos/3rT+ + isin/?r¥^]) e = 0, (B.8) 
(d w - \{D-5)a sin /?-^Pr+) e = 0, (B.9) 



3«e = 0, (B.10) 
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In D = 4, for generic (3 value, solution is e = exp(— |cn; sin/?r a T 1 ")eo, where eo is a 
constant spinor with r + eo = 0, and hence the solution preserves half of the supersymmetry. 
When (3 = 0, the metric is flat and hence it preserves full supersymmetry. Indeed, the 
Killing spinor is given by e = (1 — ^avT x F + )eo, where eo is an arbitrary constant spinor. 

For D > 5, the (3 = case gives rise to the vacuum pp-wave solution. The corresponding 
Killing spinors are constant spinors eo subject to T + eo = 0. For generic (3^0, the equations 
(|B.7|B.10|) can be easily solved, given 



i asin/3 J_r^r+ 



c(r.,r) - [l-l aS m(3^r«>r+) ( (r.u t . (B.LI) 



e = exp 

Substituting this into ()B.8|) . we have 

(d w - {(D -5)asm(3-^r l r+^ e{v,w) =0. (B.12) 

Since this equation holds for arbitrary values of Xi, it follows that T + e(v,w) = and 
e(v,w) = e(v). The equation (IB.9D then becomes 

(^-±asin/?-^r¥™)e(u) = 0. (B.13) 

It is clear that this equation has no solution for non-vanishing (3. 
It is also instructive to examine the integrability condition 

R^abT ab e = 0. (B.14) 

The non-zero components of the curvature 2-form are 

(D- 5) 2 a 2 sin 2 (3 J J 
-+ = ^m^T) dvAdw, 

@i4_ = (-D - 5)acosf3dv A d ( ) + \{D - 5)a$mf3dw A d 



+1{D - 5) V sin 2 2 p a j 3) dv A dx j , 
®iw = l(D-5)asmPAd(-^) . (B.15) 

Thus for non- vanishing /?, we have 

= R vwab T ab e = - {D ~^ { f_T 2 => r+£ = - (B.16) 

The remaining conditions become 

(D — 5)a sin ( 2 
r 

Contract the equation with x l , we have 



R mab T ab e = {D r ^ 1 SinP (r 2 Pr- - (D - 3)^) e = . (B.17) 



(D -4)x i T i r™e = 0. (B.18) 
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It has no non-trivial solution except in four dimensions. 

Thus we have demonstrated that the general tachyon wave solutions (jRTj) . with /3 / 0, 
admit no Killing spinors except in D = 4, in which case, it preserves half of the supersym- 
metry. 
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